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We use the formalism of Gould and Raffelt [1] to compute the dimensionless thermal conduction
coefficients for scattering of dark matter particles with standard model nucleons via cross-sections
that depend on the relative velocity or momentum exchanged between particles. Motivated by
models invoked to reconcile various recent results in direct detection, we explicitly compute the
conduction coefficients α and κ for cross-sections that go as v2rel, v
4
rel, v
−2
rel , q
2, q4 and q−2, where
vrel is the relative DM-nucleus velocity and q is the momentum transferred in the collision. We find
that a v−2rel dependence can significantly enhance energy transport from the inner solar core to the
outer core. The same can true for any q-dependent coupling, if the dark matter mass lies within
some specific range for each coupling. This effect can complement direct searches for dark matter;
combining these results with state-of-the-art solar simulations should greatly increase sensitivity
to certain DM models. It also seems possible that the so-called Solar Abundance Problem could
be resolved by enhanced energy transport in the solar core due to such velocity- or momentum-
dependent scatterings.
I. INTRODUCTION
If cosmological dark matter (DM) is similar in char-
acter to a WIMP (weakly-interacting massive particle),
it may possess a weak-scale cross-section for interaction
with ordinary nucleons. In this case, collisions between
DM particles in the halo of the Milky Way and nuclei in
the Sun will slow some of the DM enough to gravitation-
ally bind it to the Sun [2–4]. If enough is captured and
remains in the Sun, DM may impact the structure and
evolution of the Sun itself [5–7].
The effects of captured DM particles on the Sun and
other stars have been a subject of investigation for many
decades (see e.g. [8–10] for reviews). Much work has con-
centrated on the detectable signals of annihilating DM
in stellar cores, such as ∼GeV-scale neutrinos escaping
from the Sun [3, 11–25] and the effects of core heating by
annihilation products [8, 26–39], or the MeV-scale neu-
trinos from these decay products [40, 41]. The weakly-
interacting nature of WIMP-like DM1 can also make it
a medium for energy transport in the Sun or other stars
[5–7], the implications of which have been studied exten-
sively [42–54]. Even when that energy transport is highly
localised (i.e. conductive), WIMPs may cool the core by
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1 Strictly, the WIMP paradigm implies certain weak-scale anni-
hilation and nuclear scattering cross-sections, a GeV–TeV scale
mass and a corresponding natural reproduction of the observed
relic density via thermal production. Here all that is important
is the interaction with nucleons, so throughout this paper we use
‘WIMP’ loosely to refer to any DM with the requisite nuclear
interaction, regardless of its mass or annihilation cross-section.
absorbing heat, which can then be deposited at larger
radii. These changes can be potentially constrained with
the temperature-sensitive 8B neutrino flux, or comple-
mentarily, with precision helio/asteroseismological mea-
surements of the sound speed, small frequency separa-
tions and gravity modes [55–65].
So far all studies of energy transport by DM particles
have assumed that the cross-section for scattering be-
tween WIMPs and nuclei is independent of their relative
velocity and the momentum exchanged in the collision.
This is also a common assumption in analyses of direct
searches for dark matter. Among these, DAMA [66], Co-
GeNT [67], CRESST-II [68] and CDMS II [69] have re-
ported excess events above their expected backgrounds,
consistent with recoils caused by WIMP-like dark mat-
ter. On the other hand, XENON10 [70], XENON100
[71], COUPP [72], SIMPLE [73], Super-Kamiokande [22]
and IceCube [25], under the assumption of constant scat-
tering cross-sections and a standard halo model, would
together exclude such “detections” from being observa-
tions of WIMPs. However, there are assumptions built
into these exclusions. Some recent work (e.g. [74, 75])
has focused on the astrophysical uncertainties. A greater
deal of interest has developed in scattering cross-sections
with a non-trivial dependence upon the relative velocity
or momentum transfer of the collision, as it appears that
such velocity– or momentum-dependent scattering could
reconcile the various direct detection results [76–85].2
The focus on constant cross-sections in stellar dark
matter studies is therefore not because these are the only
2 This may be more difficult now that LUX [86] has released first
results [87], however.
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2interesting DM models, but simply because the required
theoretical background for including the effects of ve-
locity or momentum-dependent couplings to nucleons in
stellar structure simulations does not exist in the litera-
ture. This is in contrast to direct detection, where such
effects can be easily computed (e.g. [88]). Here we pro-
vide such calculations for a range of non-constant cross-
sections. This work will allow the full transport the-
ory to be incorporated into a solar evolution code that
also treats the capture and annihilation of DM, in or-
der to derive self-consistent limits on DM models with
non-standard cross-sections.
Our other motivation is the well-known Solar Abun-
dance Problem: recent photospheric analyses [89–97] in-
dicate that the solar metallicity is 10–20% lower than
previously thought, putting predictions of solar evolu-
tion models computed with the improved photospheric
abundances at stark odds with sound-speed profiles in-
ferred from helioseismology [98–103]. A deal of effort has
been devoted to finding solutions to this quandary [58–
60, 104–113], but so far no proposal has really proven
viable. Upcoming solar neutrino experiments such as
SNO+, Hyper-Kamiokande and LENA should allow the
solar core metallicity and temperature to be measured
even more accurately than can be done with helioseis-
mology alone [114–116], hopefully shedding some light on
the discrepancy. One might postulate that the disagree-
ment is in fact caused by enhanced energy transport in
the solar core mediated by non-standard WIMP-nucleon
couplings; the calculations we carry out here allow this
proposition to be tested.
This paper is structured as follows: first, in Section
II we provide some background on WIMP-nucleon cou-
plings and how one goes about calculating energy trans-
port by WIMPs, introducing the thermal conduction co-
efficients α and κ. In Section III we briefly summarise
the relevant equations from Ref. [1] that allow calculation
of α and κ. In Section IV we modify this treatment to
account for non-trivial velocity and momentum structure
in the scattering cross-section, and show the effect on α
and κ. In Section V we provide some examples of the
effect on energy transport in the Sun, then finish with
some discussion and concluding remarks in Section VI.
II. PRELIMINARY THEORY
The quantity that describes microscopic interactions
between WIMPs and Standard Model nuclei is the total
cross-section σ for WIMP-nucleon scattering. Determin-
ing the impacts of energy conduction by a population
of weakly-interacting particles in a star means working
out their influence on bulk stellar properties like the ra-
dial temperature, density and pressure profiles. Initial
solutions were obtained by way of simple analytic ap-
proximations [6, 7, 42], but this quickly gave way to the
established approach of solving the Boltzmann collision
equation (BCE) inside the spherically symmetric poten-
tial well of a star [1, 117, 118]. The formalism and a gen-
eral solution for standard WIMP-quark couplings were
described by Gould and Raffelt [1]. There are three quan-
tities that, together, are sufficient to describe the trans-
port of energy by a diffuse, weakly-interacting massive
particle χ in a dense medium such as a star:
• lχ, defined as the inverse of the mean number of
WIMP-nucleon interactions per unit length; this
gives the typical distance travelled by a WIMP be-
tween scatterings;
• α, related to the thermal diffusion coefficient; this
parameterises the efficiency of a species’ diffusion
inside the potential well;
• κ, the dimensionless thermal conduction coefficient;
this describes the efficiency of energy transfer from
layer to layer in the star.
Given a form of the WIMP-nucleon cross-section σ as a
function of the microscopic kinetic variables (vrel, q, etc.),
the coefficients α and κ are quantities that are averaged
over the kinetic gas distributions, thus depending only
on µ, the ratio between the WIMP mass and the mass
of the nucleus with which it scatters. They can therefore
be computed once and for all for each type of WIMP-
nucleon coupling.
In the following sections, we compute the thermal
conduction coefficients α and κ of WIMPs with non-
standard couplings to the standard model, going be-
yond the σ = const. case computed explicitly by Ref.
[1]. Because these computations must be done on a case
by case basis, here we focus on the specific velocity-
and momentum-dependent cross-sections σ ∝ v2nrel and
σ ∝ q2n, with n = {−1, 1, 2}.3 Here vrel is the WIMP-
nucleus relative velocity, and q is the momentum trans-
ferred during a collision. Our choice of these types of
couplings is motivated in part by a number of recent
direct-detection experiments [66–69], but they can easily
occur theoretically [119, 120]. Mixed couplings (whether
linear combinations of these couplings or cross-terms be-
tween them) also each require explicit calculation, and
cannot be treated using combinations of the results we
present here; we leave these for future work.
The dominant operators that arise in the most ba-
sic models of interactions between WIMPs χ and stan-
dard model particles (namely quarks, denoted Q) are
OSI = χ¯χQ¯Q and OSD = χ¯γµγ5χQ¯γ
µγ5Q. These re-
spectively lead to the regular spin-independent σSI and
spin-dependent σSD cross-sections, which have no veloc-
ity or momentum structure beyond standard kinematic
factors, and have been the focus of exclusion efforts in
direct experimental searches to date.
3 We do not consider cases where n ≤ −2, as this causes the total
momentum transfer to diverge; conduction properties would then
intrinsically depend on the chosen cutoff scale.
3There is, however, no guarantee that the dominant
coupling between the dark sector and the SM is as sim-
ple as OSI or OSD. Possibilities include a finite particle
radius (the dark sector analogue of the nuclear form fac-
tor), a vector coupling to quarks, parity-violating interac-
tions such as χ¯γ5χQ¯Q or χ¯γµγ5χQ¯γ
µQ or even a small
dipole or anapole interaction with the standard model
[77–79, 82–85, 121–123]. If these terms dominate, then
the interaction cross-section will be proportional to some
power of the momentum transfer q:
σ = σ0
(
q
q0
)2n
, (1)
where σ0 is the cross-section at some normalisation mo-
mentum q0. Models charged under multiple gauge fields
can display interactions that go as a sum of different pow-
ers of q2 [77]. Even for scattering via standard OSI or
OSD couplings, scattering between WIMPs and nuclei
can be strongly momentum-dependent due to the nu-
clear form factor. This is especially important at high
momentum transfer, so has a large impact on rates at
which WIMPs can be scattered to below the local escape
velocity and captured by a star. In this paper we neglect
the influence of nuclear form factors, mainly because the
majority of WIMP scattering in stellar interiors is with
hydrogen and helium, at much lower momentum transfer
than successful capture events. In the cases where mo-
mentum is exchanged with heavier nuclei (mainly C, N
and O), the suppression due to a Helm form factor is only
a few percent at relevant values of q – much smaller, for
example, than uncertainties on the the local interstellar
WIMP density or velocity distribution. The form factors
should in principle be taken into account if the impact
of a given WIMP on a particular star is to be calculated
in its fullest, goriest detail. Operators also exist which
produce interactions that depend on the relative velocity
vrel between the WIMP and the nucleus:
σ = σ0
(
vrel
v0
)2n
. (2)
The collisional cross-section σ is proportional to the
squared matrix element amplitude |M|2, which is typi-
cally a function of the centre-of-mass energy. This depen-
dence can be expanded as Taylor series of (vrel/c)
2, where
the only sizeable contribution in the non-relativistic limit
is the constant term. However, in some models the
form of |M|2 causes a partial or exact cancellation of
the constant term, leaving σ ∝ v2rel. This is called p-
wave suppression. The case in which the second term is
also suppressed – leading to σ ∝ v4rel, is referred to as
d-wave. On the other hand, DM models which scatter
through the exchange of a massive force carrier exhibit a
Sommerfeld-like enhancement. These can display “reso-
nant” behaviour, which leads to a scattering cross-section
proportional to v−2rel [124–126].
Given a certain WIMP mass, a good choice for the ref-
erence velocity v0 in a star is the temperature-dependent
velocity
vT (mχ, r) = [2kBT (r)/mχ]
1/2. (3)
The typical thermal WIMP velocity can be obtained by
multiplying vT by a further factor of (3/2)
1/2 [1]. Here
T (r) refers to the stellar temperature profile as function
of radius r. In this paper we adopt v0 = vT (mχ =
20 GeV, r = 0) = 110 km s−1 in the Sun, and provide
a simple means for rescaling our results to other values
of v0. Our chosen value is comparable to the typical
relative velocities in direct detection experiments, where
v0 ∼ 250 km s−1 is often employed. Similarly for q0,
where our default is q0 = 40 MeV: this is about the typ-
ical momentum transferred both in thermal collisions in
the Sun and direct detection. This value corresponds to
nuclear recoil energies of ER = q
2/2mnuc ∼ 10 keV in di-
rect detection experiments. As for v0, our results can be
easily rescaled to any other q0; the process is described
in the passage following (74).
In this paper we will not focus on specific particle
physics models or the WIMP-nucleon couplings they give
rise to. Rather, we will take the general forms (1) and
(2), and compute the effect on thermal conduction by an
additional heavy species inside a star.
III. THERMAL CONDUCTION IN A STAR
A. Theory
The theoretical framework of energy transport by
WIMPs was constructed in detail by Gould and Raffelt
[1]. Transport by a weakly-coupled species can occur in
two distinct regimes. If the typical inter-scattering dis-
tance lχ of a particle χ is much larger than the typical
geometric length scale rχ (which in this case is the length
scale of the WIMP distribution in a star, not the stel-
lar radius), one reaches the Knudsen limit of non-local
transport. In the opposite regime, the Knudsen number
K ≡ lχ/rχ is  1, and WIMPs scatter many times per
scale height as they travel through the medium. Here we
are interested in the latter regime, where local thermal
equilibrium (LTE) holds.
In [1], Gould and Raffelt analysed the conduction of
energy by a collection of massive particles χ in the LTE
regime. They modelled energy transport using the Boltz-
mann collision equation:
DF = l−1χ CF. (4)
F (u, r, t) here is the phase space density for particle ve-
locity u and position r at time t. The typical inter-
scattering distance for a WIMP is the inverse of the mean
number of interactions it undergoes per unit length
lχ(u, r) =
[∑
i
ni(r)〈σi(u)〉
]−1
, (5)
4were the index i denotes the individual nuclear species
present in the stellar gas, and the angular brackets rep-
resent thermal averaging. ni(r) is simply the number
density of species i at location r. The relative weight-
ing of different WIMP velocities in the thermal average
depends on the local WIMP velocity distribution, which
is itself a function of the temperature with height in the
star T (r); the thermal averaging is therefore itself under-
stood to be dependent on r. The differential operator is
D(u, r, t) = ∂t + u · ∇r + g(r) · ∇u, where g(r) is the
gravitational acceleration.
To proceed, we make three key approximations:
1. The dilute gas approximation: WIMP-WIMP in-
teractions can be neglected because they are much
less frequent than WIMP-nucleon interactions.4
2. Local isotropy: this allows us to drop any θ, φ de-
pendence in the collision operator C.
3. The conduction approximation: energy transport is
conductive if lχ is smaller than the other two length
scales in the problem. That is,
• lχ  rχ =⇒ K  1, i.e. local thermal
equilibrium.
• lχ  |∇ lnT (r)|−1, i.e. the typical inter-
scattering distance is much smaller than
the length scale over which the temper-
ature changes. This means that ε ≡
l(r)|∇ lnT (r)|  1, allowing a perturbative
expansion in powers of ε.
Actually, approximation 3 is only strictly necessary for
the computation of α and κ rather than their applica-
tion, as correction factors exist for making the conduction
treatment approximately applicable even in the non-local
regime when K > 1 (see e.g. [8, 57]). In practice both
conditions in approximation 3. break down for cross-
sections σ ' 10−39 cm2 and smaller – we will discuss the
correction factors explicitly in Section V. The collision
operator C has a straightforward intuitive definition: CF
is a function of the WIMP velocity u, position r and time
t, and represents the local rate of change of the WIMP
phase space distribution. It can be formally written in
terms of the components Cin and Cout,
CF =
∫
d3v C ′(u,v, r, t)F (v, r, t), with (6)
C ′ ≡ Cin(u,v, r, t)− Cout(v, r, t)δ3(v − u). (7)
4 This amounts to the restriction on the WIMP self-interaction
term σχχ  σχnNnuc/Nχ. This is not a strong restriction per
se, but one must be careful when considering certain DM mod-
els with strong self-interactions. For example, DM with large
enough capture rates and allowed self interaction cross-sections
σχχ ∼ 1 cm2/g can lead to large WIMP populations in the sun,
violating this condition. This was not taken into account, for
example, in the analysis of [59].
Cin(u,v, r, t) is the rate at which particles with velocity
v are scattered to velocity u. Cout(v, r, t) is the rate
at which particles with velocity v are scattered to any
other velocity. Performing the integral of Cin in (6) over
incoming velocities v gives the total rate of scattering to
velocity u from any velocity, whereas the integral over
Cout gives the total rate of scattering from velocity u to
any other velocity. The difference in these two rates is
therefore the net rate of change in the WIMP phase space
distribution.
The BCE was solved by [1] perturbatively, with the
expansion
F = F0 + εF1 + ... (8)
where ε  1 is an expansion parameter (as explained
above),5 and F0 is a regular Boltzmann distribution.
Such a distribution is in thermal equilibrium by defini-
tion, so CF0 = 0. Using this expansion to first order,
dropping the term εDF1 because it is much smaller than
DF0, the first order BCE is
DF0 =
ε
lχ
CF1. (9)
Assuming that the thermal timescale in a star is suf-
ficiently long compared to the timescale for conductive
energy transport by multiple WIMP scatterings, the so-
lution of the BCE will be time-independent (stationary),
such that the time-derivative in D can be ignored. In
this case, the left-hand side of (9) is
DF0(u, r) =
ε
lχ
[
α(r) +
mχu
2
2T (r)
∇ lnT (r)
|∇ lnT (r)|
]
uF0(u, r),
(10)
where α is a separation constant. Assuming the stel-
lar temperature gradient to be spherically symmetric,
both DF0 and F1 are pure dipoles. We use the stan-
dard notation for spherical harmonics: Y mj (θ, ϕ), where
j corresponds to the degree (related to total angular mo-
mentum) and m is the order (angular momentum solely
in the rˆ direction). We can therefore express the BCE
entirely in terms of monopole (j = m = 0) and dipole
(j = 1,m = 0,±1) components of the various quantities;
this is the Rosseland approximation.
It is convenient to transform our working variables
to dimensionless quantities. We define the WIMP-to-
nucleus mass ratio
µ ≡ mχ/mnuc, (11)
5 Note that in the case where the temperature gradient in a stellar
core is so steep that ε is not small, the entire treatment of en-
ergy transport by WIMPs presented here and in [1] breaks down
because a perturbative expansion is not possible, even though
K may still be much less than 1. In such interesting cases the
phase-space distribution would be strongly non-Boltzmannian,
and an entirely different solution to the BCE would be required.
5and divide velocities by the local temperature-dependent
velocity vT (3)
x ≡ v/vT , (12)
y ≡ u/vT , (13)
z ≡ vnuc/vT , (14)
with vnuc denoting the velocity of a nucleus.
We also define a dimensionless (angle-dependent, dif-
ferential) cross-section σˆ, and a total dimensionless
(angle-independent, non-differential) cross-section σˆtot.
The total dimensionless cross-section is simply σˆ inte-
grated over the centre-of-mass scattering angle θCM:
σˆtot(vrel) ≡
∫ 1
−1
d cos θCM σˆ(vrel, q), (15)
remembering that q is itself a function of both vrel and
cos θCM. The original dimensionless differential cross-
section (σˆ) is defined by the requirement that the total
dimensionless cross-section be unity at vrel = vT , i.e.
σˆtot(vT ) = 1. (16)
Similarly, we define the normalised phase space distri-
bution functions
f j,mν (x, r) dx ≡
1
nχ,LTE(r)
F j,mν (v, r) dv, (17)
where nχ,LTE(r) is the WIMP number density in the LTE
(conductive) approximation, ν is the expansion order in
ε, j is the degree and m is the order of the spherical
harmonic expansion.
The first order equation (9) can then be expressed as
the combination of(
αmy − δm0y3
)
f0,00 (y, r) =
∫
dxC(y, x, r)f1,m1 (x, r)
(18)
and the stationarity condition, expressed as the absence
of a net WIMP flux across any given surface inside the
star: ∫
dxxf1,m1 (x, r) = 0. (19)
Here αm are thermal diffusivity coefficients correspond-
ing to the dipole coefficients in the spherical harmonic
expansion of uˆ ·α(r). In the Dirac notation of [1], where
|f〉 ≡ f(y), (20)
Q|f〉 ≡
∫
dxQ(y, x)f(x), (21)
〈g|f〉 ≡
∫
dx g(x)f(x), (22)
〈g|Q|f〉 ≡
∫
dydx g(y)Q(y, x)f(x), (23)
we see that (18) and (19) become quite compact:
αm(r)|yf0,00 〉 − δm0|y3f0,00 〉 = C|f1,m1 〉, (24)
〈y|f1,m1 〉 = 0. (25)
In terms of the inverse of the collisional operator C,
we can write the solution to the first-order BCE as
|f1,m1 〉 = αmC−1|yf0,00 〉 − δm0C−1|y3f0,00 〉. (26)
The diffusivity coefficients are then fully specified by mul-
tiplying (26) by 〈y|:
α±1 = 0, (27)
α0 =
〈y|C−1|y3f0,00 〉
〈y|C−1|yf0,00 〉
. (28)
This can be used to obtain the stationary WIMP density
profile [1]
nχ,LTE(r) = nχ,LTE(0)
[
T (r)
T (0)
]3/2
(29)
× exp
[
−
∫ r
0
dr′
kBα(r
′)dT (r
′)
dr′ +mχ
dφ(r′)
dr′
kBT (r′)
]
,
where φ(r) refers to the gravitational potential at height
r in the star. Together with the thermal conductivity κ
κ =
√
2
3
〈y3|f1,01 〉, (30)
one can then use (29) to finally obtain the luminosity
carried by WIMP scattering,
Lχ,LTE(r) = 4pir
2ζ2n(r)κ(r)nχ,LTE(r)lχ(r)
×
[
kBT (r)
mχ
]1/2
kB
dT (r)
dr
, (31)
and the corresponding energy injection rate per unit mass
of stellar material:
χ,LTE(r) =
1
4pir2ρ(r)
dLχ,LTE(r)
dr
. (32)
Here ρ(r) is the stellar density, ζ(r) = v0/vT (r) for
velocity-dependent scattering and ζ(r) = q0/[mχvT (r)]
for momentum-dependent scattering. The factors of ζ in
(31) connect the velocity (momentum) scale at which the
reference cross-section σ0 is defined, to the thermal scale
vT (mχvT ) at which the dimensionless conductivity κ is
computed. Note that as per Ref. [8], our sign convention
is such that positive L and  refer to energy injection
rather than evacuation, which differs from Ref. [1].
The problem of calculating the rate of energy trans-
port by WIMPs is now one of explicitly calculating α and
κ for the WIMP-nucleus mass ratio and cross-section of
interest. The only position dependence in the dimension-
less BCE arises through the temperature; the transfor-
mation to dimensionless variables x, y, etc., means that
the collision operator C, as well as α and κ, contain no
r-dependence at all. This allows α and κ to be expressed
solely in terms of the mass ratio µ. In a real star, more
than one species i of gas is present however, in different
ratios at different r. Thus, to compute (29) and (31) α
6and κ must be computed for the specific mixture of gases
at each height [8]:
α(r, t) =
∑
i
σini(r, t)∑
j σjnj(r, t)
αi(µi) (33)
and
κ(r, t) =
[
lχ(r, t)
∑
i
{κi(µi)li(r, t)}−1
]−1
. (34)
Here ni(r, t) is the number density of species i, while σi
and li(r, t) ≡ (ni(r)〈σi(u)〉)−1 are respectively the scat-
tering cross-section and the typical interscattering dis-
tance of WIMPs with species i; this is in contrast with
the complete sum in (5). Henceforth we denote α ≡ α(µ)
and κ ≡ κ(µ).
Gould and Raffelt [1] calculated these quantities for a
range of mass ratios, but only the case of velocity- and
momentum-independent cross-sections; here we extend
the treatment to more general cross-sections.
B. Calculations of α and κ
Because we plan on evaluating the collision operator
C numerically, it makes sense to express the functions
|f(y)〉 as one-dimensional “vectors” and the operators
as two-dimensional matrices. This allows direct calcu-
lation of a well-defined inverse operator C−1, simply by
inverting the corresponding matrix for C. Although the
integrals of the form Q|f(y)〉 are from zero to infinity,
the exponential behaviour of f(y) means that the y > 3
contribution to each integral is less than a fraction of a
percent. We therefore truncate the vectors and matrices
at y = 5.
Cout is relatively straightforward to construct:
Cout(x, r) =
∫
d3z |x− z|σˆtot(vT |x− z|)Fnuc(z), (35)
where Fnuc(z) is the velocity distribution of the nuclei,
Fnuc(z) = (piµ)
−3/2e−|z|
2/µ. (36)
An expression for Cin is not as obvious. We transform to
centre of mass (CM) coordinates, where a is the veloc-
ity of the CM frame, and b and b′ are respectively the
incoming and outgoing WIMP velocities in that frame.6
These quantities are illustrated in Figure 1.
Ref. [1] then finds
Cjin(y, x, r) = (1 + µ)
4 y
x
∫ ∞
0
da
∫ ∞
0
db Fnuc(z)2pib〈Pj σˆ〉
× Θ(y − |a− b|)Θ(a+ b− y)
× Θ(x− |a− b|)Θ(a+ b− x). (37)
6 In the language of Ref. [1] a and b correspond to s and t, re-
spectively.
b
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θab’  
b’
 
θab
φab’ 
θCM 
FIG. 1. Scattering kinematics in the centre of mass frame, for
the computation of Cin. The velocity of the CM with respect
to the lab frame is a. The incoming and outgoing WIMP
velocities are b and b′ respectively. Nucleon velocities are not
shown, as they are simply related to the WIMP quantities in
this frame.
〈Pj(cos θlab)σˆ〉 is the angle-averaged product of the differ-
ential cross-section with the j-th Legendre polynomial, as
expanded around transverse scattering angles in the lab
frame. The angle averaging is performed in the azimuthal
direction around the a axis in the CM frame. The inte-
gral over the zenith angle is performed implicitly when
integrating over a and b. Note that in this angle-average,
Pj is a function of θlab, whereas σˆ is a function of vrel
and θCM. The two angles are related as
cos θCM = A+B cosφab′ , (38)
cos θlab = G+B
b2
xy
cosφab′ , (39)
(40)
with
A ≡ cos θab′ cos θab (41)
=
(x2 − a2 − b2)(y2 − a2 − b2)
4a2b2
,
B ≡ sin θab′ sin θab, (42)
G ≡ (x
2 + a2 − b2)(y2 + a2 − b2)
4a2xy
. (43)
As we are only solving the BCE to first order, the
only relevant term in (37) is 〈P1σˆ〉. Noting that
vrel = (1 + µ)bvT , we then have
〈Pj σˆ〉 = 〈P1σˆ〉 = 1
2pi
∫ 2pi
0
dφab′
(
G+B
b2
xy
cosφab′
)
× σˆ [(1 + µ)bvT , A+B cosφab′ ] . (44)
7TABLE I. Analytic forms of the integral (35), given as a function of w ≡ y/√µ. Expressions are identical for velocity-dependent
and momentum-dependent cross-sections of the same order 2n.
σ = const. Cout(y) = µ
1/2
[(
w + 1
2w
)
erf(w) + 1√
pi
exp(−w2)
]
σ ∝ v2rel, q2 Cout(y) = µ3/2
[
3+12w2+4w4
4w
erf(w) + 5+2w
2
2
√
pi
exp(−w2)
]
σ ∝ v4rel, q4 Cout(y) = µ5/2
[
(15+8w6+60w4+90w2)
8w
erf(w) +
(33+4w4+28w2)
4
√
pi
exp(−w2)
]
σ ∝ v−2rel , q−2 Cout(y) = µ−1/2w−1erf(w)
IV. CONDUCTION COEFFICIENTS FOR
NON-STANDARD WIMPS
We write the cross-sections of interest to us explicitly
in terms of the dimensionless variables. We will find Cout
will usually have a tractable analytic form, but that the
evaluation of the kinematic integrals for Cin (37) must
be done numerically, which we do using the CUBPACK
multi-dimensional adaptive cubature integration package
[127]. In every case, we produce an N×N linearly-spaced
matrix for C(y, x), which we explicitly invert to find α,
|f1,01 (y)〉 and κ. We find N = 500 to be sufficient: both
α and κ vary by less than one part in 105 when going
from N = 400 to N = 500, across the full range of µ
values we consider. For the standard σ = const. case,
our method of explicit matrix inversion yields identical
results to the values of α(µ) and κ(µ) presented in Table I
of Ref. [1], where a slightly different iterative method was
used. These values are shown in the figures in this section
and are given explicitly in Table III at the end of the text.
Our values of α agree exactly within given precision with
Gould and Raffet for small µ, and to within a part in ∼
104 as µ→ 100. Our κ results agree within 10−3 at small
µ, up to ∼ 1% as µ approaches 100. These differences
are small enough not to have any appreciable impact on
modelled energy transport. We have furthermore cross-
checked our results for the collision operator Cin and Cout
as well as the first-order solution f1,01 (y) presented in the
figures of Ref. [1].
A. Velocity-dependent scattering
The relative velocity is the difference between the in-
coming WIMP speed x and the nucleus speed z; ex-
pressed in terms of these velocities, the dimensionless
differential cross-section is just
σˆv2n =
1
2
|x− z|2n. (45)
Cout is then modified by extra powers of the relative ve-
locity. The angular and radial integrals can be performed
analytically, and the results are given in Table I. Cin is
also modified in a simple way. The angular dependence
drops out in the centre of mass frame where we compute
Cin and x− z = (1 + µ)b, so that
σˆv2n =
1
2
(1 + µ)2nb2n. (46)
These are related to (2) via:
σ = 2σ0ζ
−2nσˆv2n , (47)
where ζ is defined below (32). There is one final compli-
cation in the computation of Cin (37) for the v
−2
rel case:
the expression (46) diverges for b → 0, complicating the
numerical integration of Cin, even though the integral it-
self is finite. We address this by imposing a cutoff velocity
ω such that:
σˆv−2 → 1 + ω
2
2 (|x− z|2 + ω2) =
1 + ω2
2(1 + µ)2b2 + 2ω2
, (48)
where the factor in the numerator ensures that
σˆtot(vT ) = 1. Both α and κ converge to finite values as
ω2 → 0. This convergence is illustrated in Figure 4. As
ω2 is varied from 10−3 to 10−2, α(µ) varies by less than
one part in 104, whereas κ(µ) changes by less than 1% at
low µ, up to ∼ 4% for µ = 100. The thermally-averaged
cross-section, necessary for computing a particle’s typi-
cal inter-scattering distance lχ, can potentially depend
on non-zero ω. A large value is reasonable, for example,
in the case of resonant Sommerfeld-enhanced scattering,
where the cross-section can reach a saturation value for
vrel/c ≈ 10−5 − 10−3, below which σ becomes constant.
Values of Cin(y, x) for µ = 1 are illustrated on the left-
hand side of Figure 2. For positive powers of vrel, this
results in enhanced scattering of particles with high in-
coming velocity v; conversely this enhancement is present
a low incoming velocities for σ ∝ v−2rel .
In Figure 3, the thermal conduction coefficients α and
κ are shown for v2rel scattering (blue dashed lines), and
for v4rel (cyan dotted lines). For the v
−2
rel case, κ and α
converge to well-defined curve as ω2 → 0; these are the
values we show in the bottom panels of Figure 3 (dark red
dashed lines), and later use to compute L(r). Numerical
values are provided in Table III.
The effect of positive powers of vrel is to suppress α at
low values of µ, and to suppress κ for large values of µ. α
is a measure of how well WIMPs can diffuse outward in
the potential well of a star. This suppression ultimately
means that the distribution nχ(r) will be more compact
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FIG. 2. Partial dimensionless collision operator Cin(y, x) with µ = mχ/mnuc = 1 for the various types of cross-section, as
a function of the WIMP’s dimensionless incoming velocity x and outgoing velocity y. The angular integral in the q−2 case
(bottom-right panel) is regulated with ξ = 10−8 (58) to remove the divergence at x = y. Note also the log scale in this panel.
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FIG. 3. Dimensionless thermal diffusivity α (left) and conductivity κ (right) as a function of µ = mχ/mnuc. Curves are shown
for velocity-dependent scattering cross-sections σ ∝ v2nrel and for momentum-dependent cross-sections σ ∝ q2n. The upper panels
show curves for positive values of n, and bottom panels show results for n = −1. In every case the thick red line is the fiducial
case σ = const., which was calculated explicitly by Gould and Raffelt [1], and is identical to the result presented in their Figure
5 (panel b); this is in contrast to the results obtained by [117], who did not include the Cin contribution . Note that, because we
regulate the cross-section for q−2-dependent scattering using the momentum transfer cross-section (59), the κ curves for v−2rel
and q−2 are identical.
than in the standard case. The effect of a κ suppression,
meanwhile, implies that the WIMP population will be
less efficient at heat transport via scattering with light
nuclei such as hydrogen. In the lower panel of Figure 3
we show that the opposite behaviour is true for σ ∝ v−2rel :
a “fluffier” WIMP distribution around the stellar core,
with enhanced heat transport via collisions.
In the case of a large cutoff velocity ω, the thermal
conduction coefficients lie in between the σ = const.
and σ ∝ v−2rel cases. We illustrate this in Figure 4,
for several values of the dimensionless cutoff velocity ω.
Sommerfeld-enhanced DM models, therefore, would ben-
efit from some of the enhanced conduction of the v−2rel
case.
B. Momentum-dependent scattering
The momentum transferred during a collision, q =√
2mnucER is equal to the total momentum gained or
lost by the WIMP:
q2 = m2χ|u− v|2
= q20ζ
−2|x− y|2
= 2b2ζ−2q20(1− cos θCM). (49)
The latter expression allows us to write the cross-section
in terms of the centre-of-mass velocity of the incoming
WIMP, b, and the CM scattering angle θCM, as the scat-
tering event does not change the WIMP’s speed in the
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FIG. 4. The effect of a cutoff ω to the enhancement on α and κ, as defined in (48). Increasing the cutoff from ω = 0 to ω  1
smoothly transforms α and κ from the σ ∝ v−2rel case to the σ = const. case. This type of behaviour could occur, for example, in
models of Sommerfeld-enhanced DM scattering, which corresponds to an attractive force with a massive force carrier.
CM frame, only its direction.
Then
σˆq2n = 2
−nHn|x− y|2n = Hnb2n(1− cos θCM)n, (50)
where the normalisation factor required to ensure that
σˆtot(vT ) = 1 is
Hn =
(1 + µ)2n∫ 1
−1(1− cos θ′)n d cos θ′
. (51)
The structure of (50) shows us that
σˆq2n = 2σˆv2n
(1− cos θCM)n∫ 1
−1(1− cos θ′)n d cos θ′
, (52)
so
σˆtot,q2n = σˆtot,v2n = (1 + µ)
2nb2n, (53)
as we would expect, given that σˆtot is independent of
θCM. This also means that Cout,q2n = Cout,v2n . In terms
of the dimensionful cross-section (1),
σ =
2n
Hn
σ0ζ
−2nσˆq2n . (54)
The component Cin requires an explicit evaluation of
〈P1σˆ(cos θCM)〉:
〈P1σˆ0〉 = 1
2
G, (55)
〈P1σˆq2〉 = 1
2
b2(1 + µ)2
[
G(1−A)− b
2B2
2xy
]
, (56)
〈P1σˆq4〉 = 3
8
b4(1 + µ)4
[{
G(1−A)− b
2B2
xy
}
(1−A)
+
GB2
2
]
, (57)
〈P1σˆq−2〉 = 1ln 2− ln ξ b
−2(1 + µ)−2
×
[
(1−A+ ξ)b2 +Gxy
xy
√
(1−A+ ξ)2 −B2 −
b2
xy
]
, (58)
where A, B and G are defined in (41–43). The parame-
ter ξ comes from the replacement cos θCM → cos θCM−ξ.
We make this substitution because for n = −1, the factor
(1−cos θ)−1 in (50) causes the cross-section to diverge for
forward scattering at small angles; likewise for the inte-
gral (15). For the computation of α in (28), the powers of
C−1 allow the divergence to cancel. However, κ, which
governs momentum transfer, formally diverges. Fortu-
nately, the divergence at θCM = 0 corresponds to for-
ward scattering, in which no momentum is actually trans-
ferred. We regulate this divergence with the “momentum
transfer cross-section,” which comes from plasma physics
[128] but has also been applied to parameterise transport
by WIMPs [129]:
σˆtot,T(vrel) ≡
∫ 1
−1
d cos θCM σˆT(vrel, q), (59)
σˆT(vrel, q) ≡ (1− cos θCM)σˆ(vrel, q), (60)
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where σˆ is as per (50), but with the replacement n→ n+1
in the denominator of (51). This gives
〈P1σˆT,q−2〉 = 12
G
b2(1 + µ)2
, (61)
leading to a finite, well-defined value of κ.
The behaviour of Cin as a function of x and y for
momentum-dependent cross-sections is shown in the
right-hand panels of figure 2. The two upper right-
hand panels show an enhancement in the scattering rate
when the momentum transfer is large, over both the con-
stant and velocity-dependent cases, which favour colli-
sions closer to the x = y line. The lower-right panel shows
the q−2 case computed with (58) and ξ = 10−8, illus-
trating the divergent behaviour in the forward-scattering
rate, and a general suppression of collisions which lead
to appreciable momentum exchange.
The values of α and κ are shown in dot-dashed orange
for the q2 case and in dot-dashed green for q−2 in Fig-
ure 3. The q4 case is also shown (dashed purple lines).
The behaviour of α and κ for a q2n cross-section is qual-
itatively similar to the v2nrel case. Indeed, κ is identical
for the q−2 and v−2rel cases, thanks to the momentum-
transfer cross-section, which essentially deletes the an-
gular dependence in the q−2 case and makes C identi-
cal for momentum and velocity-dependent cross-sections
when n = −1. In the next section we will show that,
once this behaviour is combined with the different typi-
cal inter-scattering distances in models with momentum-
dependent and velocity-dependent scattering, the con-
duction of energy can be greatly modified with respect
to the fiducial constant cross-section case.
V. EFFECT ON ENERGY TRANSPORT IN
THE SUN
We now illustrate the effect of a non-standard WIMP-
nucleon cross-section on the conduction of energy within
the Sun. Our discussion applies equally well to any star,
but modelling and measurements of the Sun and its prop-
erties are far more precise than for other stars. We use
the temperature, density and elemental composition pro-
files computed with the AGSS09ph solar model7 [97, 103].
Scattering cross-sections σ0 . 10−38 cm2 allowed by
bounds from direct detection experiments can easily lead
to energy transport outside the LTE regime, i.e. non-
local transport. To account for this, based on the results
of Gould & Raffelt [1, 118], Refs. [8, 57] introduce the
7 publicly available at http://www.mpa-garching.mpg.de/~aldos/
quantities:
h(r) =
(
r − rχ
rχ
)3
+ 1, (62)
f(K) =
1
1 +
(
K
K0
)1/τ , (63)
where K is the Knudsen number, K0 ' 0.4 and τ ' 0.5.
The WIMP scale height rχ as a function of the central
temperature Tc and density ρc is
rχ =
(
3kBTc
2piGρcmχ
)1/2
. (64)
The WIMP distribution becomes a combination of the
isothermal and LTE distributions:
nχ(r) = f(K)nχ,LTE + [1− f(K)]nχ,iso, (65)
where
nχ,iso(r, t) = N(t)
e
− r2
r2χ
pi3/2r3χ
. (66)
The total luminosity can be finally written:
Lχ,total(r, t) = f(K)h(r, t)Lχ,LTE(r, t). (67)
The expressions (62, 63) are fits to the results of direct
Monte Carlo solutions to the Boltzmann Equation for
n = 0 in (1, 2). In principle similar solutions should
be obtained and fitted for n 6= 0, but carrying out such
Monte Carlo simulations is well beyond the scope of this
paper. We expect that the form of the suppression func-
tions will be broadly similar to (62, 63) for all n, however.
Conductive transport is generically expected to be most
efficient for some K close to but less than 1, because the
larger the inter-scattering distance lχ of a WIMP relative
to the scale height rχ, the further it will have travelled (in
an effective sense) in the star, and therefore the greater
impact it will have on the local luminosity function, when
it deposits its energy – but beyond K ∼ 1, the conduc-
tion approximation breaks down, and transport must be
less efficient. Transport is also enhanced in the surface
regions of a star due to the enhancement of (29) at large
r compared to (66), and suppressed in the stellar core
generically, as the radial height is actually less than lχ,
causing the impacts of conductive transport to be pre-
dominantly felt ‘downstream’ (i.e. at radii larger than
lκ(µ)/κ(0); see [1] for details).
For the calculation of WIMP conductive luminosities,
we require the typical inter-scattering distance (5), which
depends on the local velocity-averaged scattering cross-
section. Taking a Maxwell-Boltzmann distribution for
the velocities of the WIMPs and nuclei once more, the
distribution of their relative velocities, in normalised
units, is
Fχ−n(x− z) = [pi(1 + µ)]−3/2 e−
|x−z|2
1+µ . (68)
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This then gives:
〈σv2〉 = σ0ζ−2
〈
v2rel
v2T
〉
=
3
2
σ0ζ
−2(1 + µ), (69)
〈σv4〉 = σ0ζ−4
〈
v4rel
v4T
〉
=
15
4
σ0ζ
−4(1 + µ)2, (70)
〈σv−2〉 = σ0ζ2
〈
v2T
v2rel
〉
= 2σ0ζ
2(1 + µ)−1, (71)
where ζ ≡ v0/vT . The averaged q-dependent cross-
sections follow from these, as 〈b2n〉 = 〈(vrel/v0)2n〉/(1 +
µ)2n: 〈
σq2
〉
= 6σ0ζ
−2(1 + µ)−1, (72)〈
σq4
〉
= 40σ0ζ
−4(1 + µ)−2, (73)〈
σq−2
〉
= σ0ζ
2(1 + µ), (74)
where for q-dependent cross-sections ζ ≡ q0/(mχvT ). We
have again regulated the divergence in the q−2 case using
the momentum transfer cross-section.
Here we take the opportunity to point out that our re-
sults for α and κ are fully independent of ζ, and therefore
v0 and q0. To apply them in cases where v0 or q0 differ
from the canonical values we have assumed in this paper,
one need only use the desired v0 or q0 when implementing
(31) and the appropriate one of (69)–(74).
To properly compute the effect of WIMPs in the Sun,
we will need to include the conduction coefficients in
a full solar evolution code that also includes a detailed
computation of the velocity/momentum-dependent cap-
ture, evaporation and annihilation rates (if any); that
work will appear soon [130]. For the purpose of this pa-
per, we simply assume a steady state with a set num-
ber of WIMPs per baryon in the present Sun (nχ/nb),
in order to directly compare the conductive efficiencies of
cross-sections with different velocity and momentum scal-
ings. Likewise, we simply choose a few benchmark values
of mχ, σ0, v0 and q0 at which to make these compar-
isons, and assume for the sake of example that σ0 scales
with nuclear mass as it does for isospin-conserving spin-
independent couplings (i.e. proportional to the square of
the atomic number).
In Figure 5 we illustrate the effect on energy transport
by 1 GeV8 and 20 GeV WIMPs in the Sun, using nχ/nb =
8 Although the tendency in solar dark matter literature at present
is to assume that evaporation is efficient below 4 GeV and in-
efficient above it, this is a simplification of a result obtained
by Gould [131] in the context of now-defunct models designed
to explain the solar neutrino problem. The reality is far more
nuanced than this naive approximation would suggest: the ef-
ficiency of evaporation depends sensitively upon mass-matching
between different nuclei in the Sun and the WIMP, as well as
the thermal velocity widths of the nuclei and their radial strat-
ification, and the actual Knudsen number of the system, which
depends directly on the cross-section itself. This sensitivity will
be further modified by any velocity or momentum-dependence
to the cross-section. These effects are ignored in even the best
modern analyses, so the true impact of evaporation for modern
dark matter models, both at low and high WIMP masses, still
remains to be reliably calculated.
10−16 WIMPs per baryon, v0 = 110 km/s, and σ0 =
10−39 cm2. These roughly correspond to results of [59],
which provide some small effects on solar structure. The
combined effect of α, κ and lχ gives a suppression of
energy transport in the case of a v2rel or v
4
rel cross-section,
but an enhancement for the v−2rel case, due to the increased
scattering at low velocity.
Figure 6 shows the absolute energy transported by
WIMPs with a momentum-dependent cross-section for
mχ = 1 GeV and mχ = 20 GeV, again with nχ/nb =
10−16 WIMPs per baryon and σ0 = 10−39 cm2. Here
we use q0 = 40 MeV, which corresponds to a nuclear re-
coil energy of ER = 11 keV in a germanium direct de-
tection experiment, and 29 keV in a silicon detector. It
is apparent that at higher masses, a q2n cross-section
with negative n can result in heat transport that is en-
hanced by many orders of magnitude relative to standard
WIMPs with a constant cross-section. At lower masses,
the opposite is true: negative n suppresses heat trans-
port, whereas positive n can greatly enhance it.
Figure 7 illustrates this point in more detail. Here we
show the full dependence of the total transported energy
on the WIMP mass mχ, for each type of q-dependent
scaling. We also compare this behaviour for two different
example values of q0. For q0 = 1 MeV – corresponding
to recoil energies in detectors of only a few eV – the be-
haviour of  as a function of the sign of n is reversed below
mχ ∼ 2 GeV. The value of q0 = 40 MeV that we choose
for the right-hand figure is closer to the region probed by
underground direct detection experiments, and shows a
reversal at slightly higher masses, around mχ ∼ 4 GeV.
This shows that for the mass region probed by such ex-
periments, the effects of solar heat transport can be much
larger than previously computed in the σ = const. case
and that for such models, the comparison between exper-
iments and solar effects should be made on a case-by-case
basis.
In contrast with the behaviour shown in Figure 7 for
q-dependent scattering, the total energy transported by
vrel-dependent scattering does not show a reversal with
respect to n when the WIMP mass is changed. This
can also be seen by comparing Figures 5 and 6: for q,
the impact depends on WIMP mass, whereas for vrel-
dependent scattering, negative n enhances energy trans-
port and positive n decreases it, independent of the mass.
The qualitative difference between the impacts of the
WIMP mass for vrel and q-dependent cross-sections is
due to the additional factor of (1 + µ)2 in the thermally-
averaged cross-section for q-dependent scattering. This
adds an additional dependence on WIMP mass to the
typical inter-scattering distance, Knudsen number, and
therefore the total K-dependent luminosity suppression.
Again, we stress that to compute an accurate profile
of energy transport, one should include the feedback on
solar structure itself during stellar evolution.
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FIG. 5. Absolute energy transported || by WIMPs of mass mχ = 1 GeV (left) and mχ = 20 GeV (right) with a velocity
dependent cross-section. Transported energy is negative at small R (below the dip) and becomes positive at larger R, representing
transport from the solar core into outer layers. We have taken the AGSS09ph solar model [103] with nχ/nb = 10
−16 WIMPs
per baryon, v0 = 110 km/s, and σ0 = 10
−39 cm2.
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FIG. 6. Absolute energy transported || by WIMPs of mass mχ = 1 GeV (left) and mχ = 20 GeV (right) with a momentum-
dependent cross-section and q0 = 40 MeV. We have taken the AGSS09ph solar model [103] with nχ/nb = 10
−16 WIMPs per
baryon, and σ0 = 10
−39 cm2.
VI. DISCUSSION AND CONCLUSION
Figures 5–7 contrast the potential impacts on energy
transport in the Sun of nuclear scattering cross-sections
with different momentum and velocity scalings. The dif-
ferences we see suggest that solar physics will be a very
useful complement to direct detection experiments in rul-
ing out or confirming specific forms of σ(vrel, q).
It is worth noting that the cross-sections which give
rise to enhanced energy transport will also enhance or
suppress the capture of DM by the Sun in the first place.
In order to become gravitationally bound to the Sun, a
free WIMP must lose enough kinetic energy to fall be-
low the local escape velocity. A scattering cross-section
that goes as v−2rel would boost the chance of a free WIMP
at the low end of the Galactic DM velocity distribution
scattering off a nucleus, whereas a q2n cross-section with
n > 0 would enhance the rate of collisions leading to
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FIG. 7. Total transferred energy r−3
∫ r
0
|(r)|r2dr as a function of the WIMP mass for momentum-dependent scattering. Here
σ0 = 10
−39 cm2, nχ/nb = 10−16 WIMPs per baryon and q0 = 1 MeV (left) or q0 = 40 MeV (right). These reference momenta
can be compared with nuclear recoil energies in direct detection experiments using the expression q0 =
√
2mnucER. For recoils
on Germanium, for instance, they correspond to nuclear recoil energies of 7 eV and 11 keV, respectively. These show that,
depending on the q region probed by direct detection experiments, solar observations may be far more, or far less sensitive than
underground detectors.
large enough energy losses for the WIMP’s speed to fall
below vesc. The combination of enhanced capture and
heat transport is therefore expected to lead to observ-
able effects on the solar structure for some models, even
for very small scattering cross-sections.
Finally we point out the possible application of this
enhanced heat transport to the so-called Solar Abun-
dance Problem. It has been suggested [58, 59] that at
intermediate radii, mχ = 5 GeV DM can partly reconcile
the discrepancy between the results of solar models com-
puted with the latest abundances, and the sound speed
profile inferred from helioseismology. In this scenario,
DM accumulation is usually maximised by taking it to
be asymmetric (non-annihilating). Simulations [60] in-
dicate that the effects of energy transported from the
core can propagate to higher radii and affect the sound
speed up to the base of the convection zone. However,
to do so without the effects of momentum- or velocity-
dependent couplings, the scattering cross-section must
be extremely high (∼10−35 cm2), in order to accumulate
sufficient quantities of DM to have an observable effect.
The enhancement provided to capture and conduction by
v2nrel or q
2n scattering of DM on nuclei has the potential
to finally make DM a viable solution to the abundance
problem. There is thus a strong possibility that models
such as Sommerfeld-enhanced or dipole DM, whose mo-
tivation stem from different areas of DM phenomenology,
are particularly suited to resolving this outstanding prob-
lem in solar physics.
The framework developed above – an extension of the
process established by Gould and Raffelt [1] – allows the
computation of the thermal conduction parameters α and
κ for DM particles whose interactions with nuclei are
velocity or momentum-dependent. We have computed
these parameters explicitly for σ ∝ v2nrel and q2n, for
n = {−1, 1, 2}. Finally, we have shown the impact on
heat transfer in the Sun with respect to the fiducial con-
stant σ case, for parameters currently allowed by direct
detection experiments. Our results indicate that this im-
pact could be rather substantial. In a follow-up paper
[130], we plan to incorporate these results into state-of-
the-art solar simulation software to include realistic DM
capture and the feedback on solar structure itself.
Note added: As we were finalising this paper for re-
submission, ref. [132] appeared on the arXiv, investigat-
ing the impacts on the solar structure of a model with a
massive force carrier, similar to the v−2rel case with a cut-
toff ω that we studied. That paper employed the original
formalism of [1], which we have shown here to be in-
valid for such dark matter models, and considered only
mean WIMP velocities rather than full velocity distri-
butions as we do here. Nonetheless, the authors did em-
ploy a full solar evolutionary model, calculate the capture
and annihilation rates for their model, and find promis-
ing results with regards to the impacts on the Sun and
the potential for solving the Solar Abundance Problem.
This makes an analysis of solar models with velocity- and
momentum-dependent energy transport correctly imple-
mented on the basis of the results in this paper [130], all
the more interesting a prospect.
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TABLE II. List of variables used in this article, with their description, the location in the text where they are first defined and
their respective typical units. A dash (—) entry in the unit column corresponds to dimensionless quantities.
Parameter Description Definition Typ. Units
a Velocity of CM frame Fig. 1 —
b Incoming WIMP velocity in CM frame Fig. 1 —
c (subscript) Value at r = 0 (solar centre) —
f(x, r) Dimensionless WIMP phase space distribution (17) —
j (index) Degree of spherical harmonic Y mj —
lχ Typical interscattering distance Sec. II cm
m (index) Order of spherical harmonic Y mj —
mχ DM particle mass Sec. II GeV
mnuc Nucleus mass Sec. II GeV
n Exponent of q or vrel dependence of σ (1-2) —
ni(r) Number density of species i (17) cm
−3
q Transferred momentum (1) GeV
q0 Reference scale for q (1) GeV
r Position within the Sun cm
rχ WIMP “scale height” (64) cm
t time s
u WIMP velocity (4) cm s−1
v Aux. WIMP velocity variable (6) cm s−1
vnuc Nucleon velocity (14) cm s
−1
vrel Relative WIMP-nucleon velocity before scattering (2) cm s
−1
v0 Reference scale for vrel (2) cm s
−1
vT Typical thermal velocity (3) cm s
−1
w y/
√
µ Tab. I —
x Dimensionless WIMP velocity v/vT (12) —
y Dimensionless WIMP velocity u/vT (12) —
z Dimensionless nucleus velocity vnuc/vT (12) —
A,B,G Aux. functions of (x, y, a, b) (41-43) —
C Collision operator (4), (6) —
D Differential (Laplace) operator Sec. III s−1
F (u, r, t) WIMP phase space density (4) cm−4s
Fnuc(z, r) Dimensionless nucleus phase space distribution (36) —
Hn Normalization factor for σˆtot, for exponent n (51) —
K Knudsen number K = lχ/rχ Sec. III —
Lχ(r) Luminosity carried by WIMP scattering (31) erg s
−1
Pj Legendre polynomial of degree j (37) —
T (r) Local temperature (3) K
α Dimensionless thermal diffusion coefficient Sec. II —
 Energy transport rate by WIMPs (32) erg g−1 s−1
ε BCE expansion parameter lχ|∇ lnT (r)| Sec. III —
ζ rescaling parameter (32) —
κ Dimensionless thermal conduction coefficient Sec. II —
µ mass ratio mχ/mnuc (11) —
ν (index) Order in ε expansion (8) —
ξ Regulator for angular integral (58) —
ρi Mass density of species i GeV cm
−3
σ WIMP-nucleon scattering cross-section Sec. II cm2
σ0 Reference scale for σ Sec. II cm
2
σˆ Dimensionless cross-section (15) —
σˆtot Angle-integrated dimensionless cross-section (15) —
θCM Scattering angle in CM frame Fig. 1 rad
χ Dark matter particle label Sec. II —
ω Dimensionless velocity cutoff (48) —
Θ(x) Heaviside step function —
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TABLE III. Tabulated values of α (left) and log10 κ (right) for the different cross-sections studied in this paper, at selected
logarithmically-spaced values of µ = mχ/mnuc.
µ
σ ∝ const. v−2rel v2rel v4rel q−2 q2 q4 const. v−2rel v2rel v4rel q−2 q2 q4
α log10 κ
0.0100 2.0049 2.9994 1.0721 0.4117 2.9990 1.0588 0.3789 0.0317 0.5139 -0.3024 -0.4960 0.5139 -0.4225 -0.6543
0.0120 2.0059 2.9993 1.0814 0.4331 2.9988 1.0665 0.3981 0.0317 0.5148 -0.3070 -0.5107 0.5148 -0.4262 -0.6675
0.0145 2.0071 2.9993 1.0920 0.4562 2.9987 1.0754 0.4189 0.0323 0.5167 -0.3114 -0.5264 0.5167 -0.4298 -0.6817
0.0175 2.0085 2.9992 1.1040 0.4810 2.9985 1.0855 0.4410 0.0333 0.5190 -0.3163 -0.5433 0.5190 -0.4339 -0.6971
0.0210 2.0102 2.9990 1.1173 0.5075 2.9983 1.0967 0.4647 0.0345 0.5218 -0.3217 -0.5617 0.5218 -0.4384 -0.7139
0.0254 2.0122 2.9988 1.1320 0.5358 2.9980 1.1091 0.4900 0.0359 0.5251 -0.3277 -0.5818 0.5251 -0.4434 -0.7322
0.0305 2.0146 2.9985 1.1483 0.5659 2.9977 1.1230 0.5169 0.0376 0.5290 -0.3343 -0.6036 0.5290 -0.4489 -0.7522
0.0368 2.0176 2.9980 1.1662 0.5980 2.9973 1.1383 0.5456 0.0396 0.5336 -0.3415 -0.6273 0.5336 -0.4550 -0.7741
0.0443 2.0211 2.9973 1.1860 0.6321 2.9968 1.1552 0.5761 0.0419 0.5390 -0.3494 -0.6530 0.5390 -0.4617 -0.7979
0.0534 2.0253 2.9962 1.2077 0.6684 2.9961 1.1739 0.6085 0.0446 0.5452 -0.3581 -0.6810 0.5452 -0.4691 -0.8239
0.0643 2.0304 2.9947 1.2315 0.7069 2.9953 1.1945 0.6429 0.0477 0.5524 -0.3676 -0.7113 0.5524 -0.4771 -0.8522
0.0774 2.0365 2.9926 1.2575 0.7477 2.9943 1.2172 0.6792 0.0513 0.5605 -0.3779 -0.7441 0.5605 -0.4859 -0.8830
0.0933 2.0438 2.9894 1.2860 0.7908 2.9929 1.2421 0.7176 0.0553 0.5698 -0.3892 -0.7796 0.5698 -0.4955 -0.9164
0.1123 2.0525 2.9849 1.3172 0.8365 2.9912 1.2696 0.7582 0.0597 0.5801 -0.4014 -0.8178 0.5801 -0.5060 -0.9526
0.1353 2.0630 2.9787 1.3512 0.8847 2.9889 1.2999 0.8009 0.0644 0.5915 -0.4146 -0.8591 0.5915 -0.5173 -0.9917
0.1630 2.0755 2.9699 1.3885 0.9355 2.9859 1.3334 0.8458 0.0693 0.6038 -0.4290 -0.9033 0.6038 -0.5297 -1.0339
0.1963 2.0904 2.9581 1.4293 0.9893 2.9820 1.3705 0.8932 0.0742 0.6170 -0.4447 -0.9507 0.6170 -0.5433 -1.0792
0.2364 2.1078 2.9423 1.4741 1.0462 2.9768 1.4117 0.9431 0.0789 0.6308 -0.4619 -1.0014 0.6308 -0.5582 -1.1277
0.2848 2.1282 2.9222 1.5232 1.1066 2.9702 1.4576 0.9960 0.0829 0.6450 -0.4808 -1.0554 0.6450 -0.5747 -1.1794
0.3430 2.1514 2.8972 1.5771 1.1710 2.9616 1.5091 1.0523 0.0860 0.6594 -0.5017 -1.1129 0.6594 -0.5932 -1.2344
0.4132 2.1774 2.8677 1.6362 1.2401 2.9508 1.5667 1.1130 0.0876 0.6738 -0.5253 -1.1739 0.6738 -0.6142 -1.2927
0.4977 2.2058 2.8342 1.7005 1.3146 2.9373 1.6311 1.1794 0.0875 0.6883 -0.5519 -1.2390 0.6883 -0.6386 -1.3544
0.5995 2.2359 2.7982 1.7698 1.3955 2.9210 1.7023 1.2534 0.0855 0.7033 -0.5824 -1.3085 0.7033 -0.6671 -1.4201
0.7221 2.2667 2.7611 1.8431 1.4835 2.9016 1.7797 1.3370 0.0816 0.7192 -0.6173 -1.3833 0.7192 -0.7006 -1.4906
0.8697 2.2971 2.7247 1.9186 1.5785 2.8794 1.8615 1.4321 0.0763 0.7373 -0.6571 -1.4645 0.7373 -0.7399 -1.5676
1.0476 2.3261 2.6906 1.9941 1.6793 2.8544 1.9449 1.5390 0.0702 0.7586 -0.7020 -1.5530 0.7586 -0.7853 -1.6527
1.2619 2.3528 2.6596 2.0669 1.7831 2.8274 2.0264 1.6557 0.0641 0.7845 -0.7516 -1.6497 0.7845 -0.8366 -1.7477
1.5199 2.3767 2.6324 2.1345 1.8859 2.7989 2.1027 1.7770 0.0589 0.8160 -0.8052 -1.7547 0.8160 -0.8929 -1.8536
1.8307 2.3975 2.6090 2.1950 1.9831 2.7697 2.1710 1.8957 0.0556 0.8542 -0.8615 -1.8674 0.8542 -0.9528 -1.9700
2.2051 2.4153 2.5894 2.2477 2.0711 2.7407 2.2302 2.0049 0.0548 0.8997 -0.9193 -1.9863 0.8997 -1.0146 -2.0953
2.6561 2.4302 2.5731 2.2923 2.1476 2.7125 2.2798 2.0999 0.0572 0.9528 -0.9773 -2.1093 0.9528 -1.0766 -2.2265
3.1993 2.4426 2.5597 2.3295 2.2119 2.6858 2.3208 2.1788 0.0631 1.0133 -1.0345 -2.2346 1.0133 -1.1376 -2.3606
3.8535 2.4528 2.5487 2.3601 2.2648 2.6610 2.3540 2.2423 0.0727 1.0812 -1.0903 -2.3604 1.0812 -1.1968 -2.4948
4.6416 2.4612 2.5397 2.3851 2.3079 2.6384 2.3810 2.2928 0.0857 1.1559 -1.1444 -2.4857 1.1559 -1.2539 -2.6276
5.5908 2.4681 2.5324 2.4056 2.3428 2.6181 2.4027 2.3326 0.1022 1.2369 -1.1967 -2.6102 1.2369 -1.3087 -2.7582
6.7342 2.4737 2.5265 2.4223 2.3710 2.6002 2.4204 2.3641 0.1218 1.3236 -1.2472 -2.7336 1.3236 -1.3613 -2.8867
8.1113 2.4783 2.5216 2.4360 2.3939 2.5844 2.4346 2.3892 0.1444 1.4154 -1.2961 -2.8560 1.4154 -1.4121 -3.0133
9.7701 2.4822 2.5177 2.4472 2.4126 2.5708 2.4463 2.4094 0.1695 1.5117 -1.3437 -2.9779 1.5117 -1.4611 -3.1384
11.768 2.4854 2.5145 2.4564 2.4278 2.5590 2.4558 2.4256 0.1968 1.6119 -1.3901 -3.0992 1.6119 -1.5088 -3.2624
14.175 2.4881 2.5118 2.4640 2.4404 2.5490 2.4635 2.4389 0.2262 1.7156 -1.4355 -3.2201 1.7156 -1.5552 -3.3855
17.074 2.4903 2.5096 2.4703 2.4507 2.5404 2.4699 2.4496 0.2573 1.8224 -1.4800 -3.3408 1.8224 -1.6006 -3.5081
20.565 2.4920 2.5077 2.4755 2.4592 2.5332 2.4752 2.4584 0.2898 1.9321 -1.5239 -3.4615 1.9321 -1.6453 -3.6303
24.771 2.4934 2.5060 2.4798 2.4663 2.5271 2.4795 2.4657 0.3237 2.0444 -1.5671 -3.5820 2.0444 -1.6891 -3.7521
29.837 2.4946 2.5046 2.4833 2.4721 2.5220 2.4831 2.4716 0.3586 2.1594 -1.6099 -3.7027 2.1594 -1.7325 -3.8738
35.938 2.4956 2.5034 2.4862 2.4769 2.5177 2.4860 2.4765 0.3946 2.2771 -1.6522 -3.8233 2.2771 -1.7753 -3.9953
43.288 2.4964 2.5023 2.4886 2.4809 2.5141 2.4884 2.4806 0.4315 2.3978 -1.6941 -3.9439 2.3978 -1.8176 -4.1166
52.140 2.4972 2.5012 2.4906 2.4843 2.5111 2.4904 2.4839 0.4690 2.5224 -1.7357 -4.0646 2.5224 -1.8597 -4.2380
62.803 2.4978 2.5001 2.4924 2.4870 2.5085 2.4921 2.4867 0.5073 2.6519 -1.7770 -4.1853 2.6519 -1.9015 -4.3593
75.646 2.4984 2.4990 2.4939 2.4894 2.5064 2.4935 2.4890 0.5462 2.7884 -1.8181 -4.3060 2.7884 -1.9431 -4.4806
91.116 2.4989 2.4976 2.4952 2.4914 2.5045 2.4946 2.4909 0.5859 2.9354 -1.8589 -4.4267 2.9354 -1.9844 -4.6018
100.00 2.4991 2.4969 2.4957 2.4923 2.5037 2.4951 2.4917 0.6061 3.0146 -1.8792 -4.4870 3.0146 -2.0050 -4.6624
